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Scalable, finite element analysis of

electromagnetic scattering and radiation.

Tom Cwik*, John Lou & Daniel S. Katz
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In this paper a method for simulating electromagnetic fields scattered from complex
objects is reviewed; namely, an unstructured finite element code that does not use
traditional mesh partitioning algorithms. The complete software package is
implemented on the Cray T3D massively parallel processor using both Cray Adaptive
FORTRAN (CRAFT) compiler constructs to simplify portions of the code that operate
on the irregular data, and optimized message passing constructs on portions of the
code that operate on regular data and require optimum machine performance. The
above finite element solution package is then integrated into an error estimation and
adaptive mesh refinement algorithm. An ervor for the fields over the mesh is estimated
and used to drive an adaptive mesh refinement algorithm that refines the mesh where
errors are above a given tolerance. This refined mesh is then used once again for a
finite element solution of the fields. After estimating the error a second time, the mesh
is again refined as needed. This process continues until the error is reduced to an
allowable level. © 1998 Published by Elsevier Science Ltd. All rights reserved.
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1 PARALLEL FINITE ELEMENT ANALYSIS FOR
ELECTROMAGNETICS

Large scale parallel computation can be an enabling
resource in many areas of engineering and science. The
available memory capacity and computational speed on
large distributed memory machines can allow the simulation
of complicated engineering components if the simulation
algorithm attains an appreciable fraction of the machine
peak performance, and if undue cost in porting the code
or in developing the code for the parallel machine is not
incurred. The issue of code parallelization is especially
significant when considering unstructured mesh simula-
tions. The unstructured mesh models considered in this
paper result from a finite element simulation of electromag-
netic fields scattered from geometrically complex objects
(either penetrable or impenetrable.) The finite element
model is used to capture the complex materials involved
in the simulation, and to maintain fidelity of the structure’s
geometry. The unstructured mesh must be distributed
among the processors, as must the resultant sparse system
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of linear equations. Since a distributed memory architecture
does not allow direct access to the irregularly distributed
unstructured mesh and sparse matrix data, partitioning
algorithms which are not needed in the sequential software
have traditionally been used to efficiently spread the data
among the processors. In this paper, an alternate method for
simulating electromagnetic fields scattered from complex
objects is reviewed: namely, an unstructured finite element
code that does not use traditional mesh partitioning
algorithms. The complete software package is implemented
on the Cray T3D massively parallel processor using both
Cray Adaptive FORTRAN (CRAFT) compiler constructs to
simplify portions of the code that operate on the irregular
data, and optimized message passing constructs on portions
of the code that operate on regular data and require optimum
machine performance.

The finite element modeling software begins with mesh
data constructed on a workstation using a commercially
available CAD meshing package. Because the electromag-
netic scattering simulation is an open region problem
(scattered fields exist in all space to infinity), the mesh
must be truncated at a surface that maintains accuracy in
the modeled fields and limits the volume of free space that is
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meshed. Local, absorbing boundary conditions can be used to
truncate the mesh, but these may be problematic because they
become more accurate as the truncating surface is removed
from the scatterer, requiring greater computational expense,
and they may be problem dependent. The approach outlined in
this paper solves either the two- or three-dimensional vector
Helmholtz wave equations using a coupled finite element—
integral equation method. A specific integral equation (bound-
ary element) formulation that efficiently and accurately trun-
cates the computational domain is used. A partitioned system
of equations results from the combination of discretizing the
volume in and around the scatterer using the finite element
method and discretizing the surface using the integral equation
method. The system of equations is solved using a two-step
solution, combining a sparse iterative (or direct) solver and a
dense factorization method. The matrix equation assembly,
the solution and the calculation of observable quantities are
all computed in parallel, utilizing varying number of
processors for each stage of the calculation.

This finite element solution package is then integrated
into an error estimation and adaptive mesh refinement
algorithm. An error for the fields over the mesh is estimated
and used to drive an adaptive mesh refinement algorithm that
refines the mesh where errors are above a given tolerance.
This refined mesh is then used once again for a finite element
solution of the fields. After estimating the error a second
time, the mesh is again refined as needed. This process
continues until the error is reduced to an allowable level.

2 THE COUPLED FINITE ELEMENT-INTEGRAL
EQUATION MODEL

To practically compute a solution to exterior electromag-
netic scattering problems, the domain must be truncated at
some finite surface where the Sommerfeld radiation
condition is enforced, either approximately or exactly.
Approximate methods attempt to truncate the mesh using
only local field information at each grid point, whereas
exact methods are global, needing information from the
entire mesh boundary.' The global method used here
couples a finite element solution interior to the bounding
surface with an efficient integral equation solution that
exactly enforces the Sommerfeld radiation condition. The
problem domain is divided into interior and exterior regions,
separated at the mesh boundary. The unknown sources in
the integral equation are directly related to the tangential
fields on the mesh boundary, and the radiation condition is
implicitly enforced exactly through the use of the free-space
Green’s function. Fields in the two regions are coupled by
enforcing boundary conditions on tangential field compo-
nents at the mesh boundary, thereby producing a unique and
exact solution to Maxwell’s equations in both regions.

2.1 Two-dimensional formulation—a conformal
surface

The two-dimensional scattering geometry is shown in Fig. 1.
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Fig. 1. Geometry of the two-dimensional scatterer for TE.
polarization.

The truncating surface S, taken to lie on or close to the
boundary of the scatterer, divides the geometry into interior
region V and exterior region {I. Volume V can be inhomo-
geneous, containing lossy material and perfect conductors
which can lie partly on the surface.” For the TE polariza-
tion and for wavenumber £, the incident field is

Hinc(p) — iejk(,rcos(gb) + )vwln(é))einvr ( 1 )

which is due a source in the exterior region.
To model the inhomogeneous region V, the wave
equation for H=2H,

VX L X H(p) — s (oW H(p) =0 p €V )
&.(p)
is used; p is the two-dimensional position vector. Both
and p are functions of position and may be complex, i.e.
e=¢g' — je"and p = p' — ju’, to account for dielectric and
magnetic loss. To model the homogenous exterior region @,
the surface magnetic field integral equation (eqn (3))

in jk ty 17(2) '
H(p) = 2H"(p) + £ 6 H,\, (o) B (klp — p'))

<

P s . WE )
X cos(it',p = p) dl' + == § Bl )HG
u

X (klp—p')dl" p,p' €S 3)

is used; Hy, =0 X H* and E,, =fi X E™ are the tangen-
tial field components just exterior to the surface S; H§ and
H? are the outgoing first- and second-order Hankel func-
tions; (i’,p —p') denotes the angle between source and
observation point, and principal value integrations are
implied.

Boundary conditions must be enforced at all material
boundaries, at infinity, and at the boundary surface of the
two solutions (S). At material boundaries, which only reside
within V, boundary conditions are enforced in the finite
element solution by a proper choice of elements, or by
explicitly zeroing tangential electric field components to
model perfectly conducting surfaces. In the integral
equation (eqn (3)), the Sommerfeld radiation condition is
naturally enforced by the outgoing Green's function. The
only boundary conditions remaining need to be enforced at
the surface S. Equating tangential electric field components
gives

1
Ean(o) + ;

A XV XHp)=0pES (4)
Jwe
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on the surface §. If part of the surtace encloses a pertect
conductor, H(r) within the conductor is identically zero,
and the vsual boundary condition E,, = O applies on the
surface. Similarly, equating tangential magnetic field
components gives

H, (p) -0 XH(p)=0pES (5)

cu the suctace .

The wave equation (egn (2)) and integral equation (eqn
(3)), as well as the boundary conditions of eqns (4) and (5),
are combined into three equations. This system of equations
is discretized and solved numerically yielding the magnetic
flields w the wterior region and tangeatial magnetic and
efectric fields on the surtace S. Far fields are then easily
flound from an integration of the surface tangential fietds.

For a finite element solution of the wave equation, eqn (2)
is dotted against a testing function, integrated over the
volume, and integrated again by parts yielding the ‘weak
torm’

Jv {—I—VT_.-VH: — W KT, H,| dv
£,

1
+ JW —T[fi X V X H] ds (6)
d Br

The Boundaary condition on tangential' components ot tiie
electric field (eqn (4)) is combined into this equation by
noting that in the contour integral in eqn (6),
i X VX H=jweE,,: therefore, substituting eqn (4) into
this integral gives
J ) [;LVT:.VHZ - urszZ.Hg} dv — jwe, J ToFy ds
s,

(7)

for the first equation of the system (E., = tE,,} is the
surface tangent). The second equation is found by enforcing
eqn (5) in a weak sense, i.e. dotting eqn (5) against a testing
function U and integrating

J'SVU.[ﬁ X H(p) - Hlan] ds=0 (8)

The third and final equation of the system is found from a
standard moment solution to eqn (3), dotting the equation
against a testing function W and integrating along the con-
tour §. This equation will not be written explicitly, the
reader is referred to the method of moments literature
(for example, Ref. *) for further details.

2.2 Three-dimensional formulation — a surface of
revolution

In the three-dimensional formulation, the bounding surface
chosen is the minimal surface of revolution that fits around
the scatterer (Fig. 2). The integral equation is discretized
using sub-domain basis functions along the surface of
revolution generator, and Fourier harmonics azimuthally,
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Fig. 2. Geometry of the scattering problem showing interior and
exterior regjons of model.

w0 greatly iimit the storage necessary in 1he integial eguation
component of the modet.*™

As in the two-dimensional case, a finite element
discretization is used in the interior region. The analogous
weak form of the wave equation in eqn (6) for the three-
dimensional case is

To J J fi(v X H)-(V X W~ kK p H-W" dv
Jko JV) ) g

- LV[EX,&W* ds=0 9)

H is the magnetic field (the H equation is used in this
paper; a dual E equation can also be written), W is a testing
function, the asterisk denotes conjugation, and E X # is the
tangential component of E on the surface of revolution §
(8V). Egn (9) represents the fields internal to and on the
surface of S. These fields will be modeled using a set of
properly chosen finite element basis functions. In eqn (9),
€, and pu, are the relative permittivity and permeability,
respectively, and %y and 7, are free-space wavenumber
and impedance, respectively.

A set of tetrahedral, vector edge elements (Whitney
elements)® are used to discretize eqn (9),

W, (1) = N NDVN(F) = N (r) V() (10)

in which A(r) are the tetrahedral shape functions and
indices (m,n) refer to the two nodal points of each edge.
These elements are used for both expansion and testing
(Galerkin’s method) in the finite element domain.

In the formulation of the integral equation, fictitious
electric (J =74 X H) and magnetic (M = — A X E) surface
currents, equivalent to the tangential magnetic and electric
fields just on the exterior of the boundary surface, are
defined on the boundary. These currents produce the
scattered fields in the exterior region. A linear combination
of the electric field integral equation and the magnetic field
integral equation is used in this formulation, and it can be
succinctly expressed as

ZM[M‘[‘"UJ+ZJ['T|=V| (1)

where Zy, and Z; are the integro-differential operators”, and
Vi represents the incident field.
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The integral equation on the surface of revolution is
discretized by a set of basis functions with piecewise
linear variation along the surface of revolution generator,
and with an azimuthal Fourier modal variation. Applying
Galerkin’s method, both expansion and testing functions are
given as

g ; Qg)eM

(12)

o® | e

in which Ty(#) is a triangle function spanning the kth
annulus on the surface of the revolution surface. The
variables r and ¢ refer to the local surface of revolution
coordinates, and p is the distance from the z axis to a point
on the surface of revolution. Each annulus spans two
segments along the generator, each referred to as a strip.
Adjacent triangles overlap on one segment.

At the artificial surface of revolution separating the
interior and exterior regions, boundary conditions on the
continuity of tangential field components must be enforced.
Three equations are written for the three unknown field
quantities of interest, the magnetic field A internal to the
volume V and the electric and magnetic surface currents, J
and M, on the boundary. Continuity of the magnetic field
across the boundary is enforced in a weak sense

J Jw(ﬁ XH—T)yxU)ds=0 (13)

where U is a testing function. Continuity of the electric
field across the boundary is made implicit in the finite
element equation in the surface integral term # X E by
. replacing this term with M.

The surface integral in eqn (9) and the first component of

the integral in eqn (13) are termed the coupling integrals,
since with a convenient choice of the unknown in the first
and of the testing function in the second, they are made to
couple interior and exterior field representations. To
evaluate these terms, the finite element basis function W

is evaluated approximately on the portion of surface of

revolution projected from the triangular facet of the
tetrahedron onto a strip. Such projections are curved
triangles. curved quadrilaterals, or curved pentagons. The
evaluations of the integrals are performed numerically.

These coupling integrals, as well as the discretization of

the second surface integral in eqn (13), complete the
discretization of the problem.

2.3 Numerical solution of the linear system

After discretization, a coupled linear set of equations results.
In the two-dimensional formulation, first-order simplex
elements are used for discretization of the finite element
equation (eqn (1)), and piecewise triangular basis functions
are used in the integral equation. Having introduced the
basis and testing functions for the volume as well as the
surface unknowns, substitution into the complete set of
equations yields

K C 0 tH l0
ct oz, M|=|0 (14)
0 Zm 3| |V
where
C= - ﬂ[)(l-]m-Wq)
Z() = 7’()<Um'[ﬁ X Un]) (15)

ZM = (ZMm[[/m]’Dn)

Z.l = (Zjlll[i,m ]I_]n>

The superscript + indicates the adjoint of a matrix. Note
that both K and C are sparse, Z, is tri-diagonal, and Zy; and
Z; are banded. In particular, the system is complex,
non-symmetric and non-Hermitian. This set of equations
has the same form in both the two-dimensional and three-
dimensional formulations, though the density of the Zy and
Z blocks differ in the two cases.

The parallel solution to this matrix equation system is
completed in two steps. Initially H in the first equation in

eqn (14) is written as H == — K ~'CM and substituted into
the second equation resulting in
Zx  Z,[|M| [0
i’ = | (16)
\Zy Zy || d Vi
where Zg = — C'K™'C. This relatively small system is

then solved directly for M and J. By solving the system in
two steps, the interior solution is decoupled from the
incident field V,, allowing for efficient solutions when
many excitation fields are present as in monostatic radar
cross-section simulations.

The relative numbers of unknowns in H and M (or J)
makes the calculation of K~'C the major computational
expense. This operation is the solution of a system of
equations, KX = C, where C is a rectangular matrix with
a potentially large number of columns in the case of
electrically large scatterers. The solution is accomplished
by using a symmetric variant of the quasi-minimum residual
iterative algorithm. The resulting overall matrix (eqn (16))
is treated as being dense, and the solution of this second
system is accomplished via a direct dense LU decomposi-
tion. since its size is relatively small.

3 ADAPTIVE MESH REFINEMENT

An adaptive mesh refinement package that constructs a set
of adaptively refined meshes based on an error estimate is
added to the above formulation. These error estimates
follow from the Cauchy convergence properties of finite
element mathematical analysis and only require a small
percentage of the time needed to solve the complete system
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over the previous step’s mesh. Based on the error estimate
generated, the mesh is adaptive refined — independent of
the user — where needed and the fields are calculated over
the new mesh by solution of the sparse matrix equation. This
step is repeated until the error in the fields over the mesh is
uniform and reduced below a user prescribed level.

3.1 Error estimation

Error estimates have been well developed in finite element
structural and fluid analysis’. Estimates of error in the
magnetic or electric field have been less developed in
electromagnetic analysis. This work follows from the
error estimates in Meyer and Davidson® where p-enrichment
was implemented. The error estimate is a local estimate of
the error in the fields over each element. The estimate is
computed element by element rather than over the entire
mesh for computational efficiency. By defining u to be the
exact solution to the wave equation (either E or H), and @ to
be the computed solution over a given mesh, the estimate
can be derived. The error in the field for a given solution is
then e = u — it. The derivation of the estimate e follows that
of standard finite element analysis.7 The result is an
equation that estimates the error that would exist over the
next refined mesh, based on the global calculated error over
the coarse mesh. The equation for this error is

Bi(e.)=L,(t)+ B(a, 1) + % J i (a, Viy, — a; Vi)t ds

vV

(17)

where
By (e,t) = L(aVth — kibet) dV (18)

and the surface integral is along edges of adjoining
elements k and j, and the term L,(#) is a surface integral
at the computational boundary where a radiation boundary
condition is imposed. B is the evaluation of eqn (18) using
the known solution &, resulting in a vector of known
entries. Eqn (17) is therefore an equation for ¢ over the
kth element, given known right-hand-side terms found
from a coarse mesh solution. The testing functions ¢ are
the fine mesh elements, thereby producing a solution for
an estimate of the error in the coarse grid projected onto a
refined mesh. If this error is above a tolerance value, the
element will be refined; if the error is below the given
tolerance the element need not be refined. This refinement
decision based on the error estimate is the adaptive
h-refinement process.

3.2 Adaptive mesh refinement

The h-refinement procedure consists of two main
components, an adaptive mesh adjustment step and an adap-
tive mesh refinement step. The input to our adaptive mesh
refinement procedure is a coarse mesh, an array containing
local error estimates for the coarse mesh, and a prescribed

error tolerance. The adaptive mesh adjustment step imple-
ments a scheme that, given a mesh with a subset of elements
indicated to be refined, generates information necessary for
producing a consistently refined global mesh. The adaptive
mesh refinement step performs the actual refinement
operations on the input mesh based on the refinement
information stored in each coarse element.

The adaptive mesh refinement algorithm is implemented
for triangular meshes and will be extended to tetrahedral
meshes. The software is developed in FORTRAN 90 using
many of its advanced features such as modules, user-defined
structures, pointers, dynamic memory management and
array operations. The software is therefore highly modular
and robust. It has interfaces to both FORTRAN 77 and
FORTRAN gO.

4 PARALLEL IMPLEMENTATION AND RESULTS

A parallel implementation of the above finite element
formulation consists of an initial decomposition of the
sparse matrix data, solution of the sparse matrix equation
for the unknown magnetic field over the mesh and the
surface tangential electric and magnetic fields, and finally
the calculation of observable quantities such as the radar
cross-section. This implementation is then connected to
the error estimation algorithm and adaptive mesh refinement
algorithms. A description of the parallel three-dimensional
finite element implementation will be given with results,
followed by results from the two-dimensional adaptive
mesh refinement algorithm.

The matrix decomposition code, termed P_SLICE,
consists of a number of subroutines. Initially, the potentially
large mesh files are read (READ). Then the connectivity
structure of the sparse matrix is generated and reordered
(CONNECT), followed the generation of the complex-
valued entries of K (FEM), building the connectivity
structure and filling the C matrix (COUPLING). Finally,
the individual files containing the row slabs of K and the
row slabs of C must be written on disk (WRITE). For each
processor that will be used in the matrix equation solver, one
file containing the appropriate parts of both the K and C
matrices is written.

Cray Research Adaptive FORTRAN (CRAFT) is used for
the matrix decomposition stage of the simulation. All large
arrays are declared using CDIR$ directives to be shared in
either a block manner or a cyclic manner for the leading
dimension, with the non-leading dimension distributed
degenerately. Using a block distribution of a matrix of
size 256 on four processors leads to the first 64 elements
residing on processor 0, the next 64 elements on processor 1,
etc. A cyclic distribution would lead to processor 0 having
elements (1. 5,9, ---), processor | having elements (2, 6, 10,
-+), etc. A two-dimensional array with a degenerate distri-
bution of the second dimension leads to all elements of the
array having a given index in the first dimension being on
the same processor, regardless of the index in the second






